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SUMMARY

:J/ Tintner et al? have considered the application of the simple
and modified simple Poisson processes to the process of regional
development. In their modified simple Poisson process the variable
takes only discrete values o, u, 2, . . . etc. In this note the joint
probability-generating function of k equally spaced variables from the
simple Poisson processes are obtained. Further the maximum-
likelihood estimators of the parameters of the simple and the modified
simple Poisson processes are obtained and the efficiencies of some
simple least squares and generalized least squares estimators of the
parameter of the simple Poisson process are worked out. As the
maximum-likelihood estimator of # has a rather complicated form and
a still more complicated variance, some simple asym ptotically unbiased
estimates of # on the lines of Tintner et al. and their variances are
considered.

I. INTRODUCTION

Tintner et al. have considered the application of a modified
version of the simple Poisson process in which the variable takes the
values o, u, 2u, . . . - etc. instead of 0, I, 2, ...., for the explana-
tion of the trend of regional development. Both the simple Poisson
process and the modified simple Poisson process lead to linear
expected growth over time in the variable concerned. Tintner et al’
use the least squares estimator to estimate the parameter of the simple

#The work for this paper was done in June 1963.

1 am grateful to Professor G. Tintner and the other co-authors for
sending their paper (1) before publication and to Professor G. Tintner and Mr.
Narayanan for going through an earlier version of the paper and for making
valuable suggestions.
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Poisson process and then use the relationship between the variance
and mean of the modified simple P01sson process to obtain an
estimate of u,

With the simple Poisson process as the model the least squares
estimate though unbiased is not an efficient estimator. In this note
the maximum-likelihood estimate of the parameter of the simple
Poisson process.from equally spaced observations is worked out. It
turns out to have a very simple form. For the modified version,
however, the maximum-likelihood estimator has a very complicated

form and its variance has a still more complicated form. Hence three

estimates of « worked out on the basis of the method of moments are
suggested and their asymptotic variances are compared. One of these
is the same as the estimate of u suggested by Tintner er all except

that the maximum-likelihood estimate of the parameter of Ju where I
is the parameter of the underlying simple Poisson process is used in_,

place of the least squares estimate used by Tintner ef al.l For the
parameter of the simple Poisson process also, two other simple least
squares and generalized least squares estimates are worked out and
their efficiencies compared,

2, Tue SIMPLE PoI1sSON PROCESS

A simple Poisson process is generated as follows. Let N, be a
discrete variable considered at time ¢, taking the values 0, 1, 2, .
etc. Let the probability that it changes from N to N+1 in the time-
interval (¢, 4 At) be the probabilities of all other transitions being
of the order-of o(At). Further, let the changes in the time-interval
(t, t4- Af) be independent of changes in all the previous intervals.

Let
Py (At) be the probabil&ty that N; has the value at time £.

Then
Py (t4 At)=Pyy(£) INt+Py (6) (1—1at) N1
P, (t4+ At =P, (£) (1—IAD). (1)
Hence
Py (t4+A0t)— Py ()=Py_ (1) INt—Py () I
and P, (t+ At)—P, ()=—1P, () At.
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. Dividing both the sides by A¢ and taking limit as A £~0
we get

a‘PN:‘ t . . |
at() ——[PN_l(t)v— Py (t):ll ...(1a)
and
P, '
2o _1p, 0.

Multiplying the equatlons (1a) by Z¥ and adding over N from
0to o we get

é?_l (z——l)ﬂ: o _ -(2)
where =, is the probability-generating function of N,.
If "~ N=n, att=0
then the solution of the equation (2) is given by
=270 gllz-1)t (3
If n,=0, this reduces to
w=elEe-DE - IR . Can(4)

the solution considered i in @,

(4) gives the p. g f of a P01sson distribution with mean given
by It. From the relationship (3) the condltlonal probablllty of N;
glven n, can be written down as

It N—no
P(N,=Njn})= % .(5)

The process {I;} as defined above is a one-dependent Markoff
process and hence using the formula (5) successively the joint pro-
bability of Ny, . .., N, given N, can be written down. Thus

P (ny, ooy nufno)=P (myfn,) P (nyfny) . . . P (myfny_.)
k el iy
= . jl' _—_(nfnr—l) i ...(6)
Using the result (6) the joint p. g. f. of N,..., Nygiven n, c‘an be
shown to be given by '
T (21 o oo, Zk[N)y= (212, . . . Z;)"0el «(7)
where ' '

Z=(2p— 1)+ (21Z1-1— 1)+ (24241 Z5_p— 1+
oo H(ZZp-1 . 21— 1),
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For
(21, . v vy Z,)
=22...3P(ny...,nn)z""...2"%
ny ny Ny
k ~1 Ny Ay
= 3.y RO g .(8)
n, g r=I1 (nr=1p—y) !

Summing first over n; and using the result (3), (8) reduces to

x—1 ,e‘l "r_"r-l
n(zl...zklna)=2 cee X RIW)'
n, My T= e

n

Ny . Iz,
Xzl ., 2 ¥z 7)) " l]e(" 1)
1 k-2

Summing over n;_y, He_gs « - » Ny successively and makinguse of
result (3) at every stage we arrive at result (7).

Hence the ¢, g. f. is given by

K (B 8a» - - - Befn)=no 56,41 (P5—1)
41Ot Or-11) . L, (et et 0e_1),
...(9)
The means, variances and other moments can be obtained by
expanding the exponential terms and simplifying them. In particular
E (Nr)=no+lr
V (N)=1
and
cov (N,, NJ)=1,. r>s ~.{9a)

" Hence

corr. (N, Ny)= /\/ ‘:— r>s.

The maximum-likelihood estimate of / can be obtained as
follows.

The likelihood function of the observations ny, . . . 1 given n,
is given by (6) and its logarithm is given by

log L=—Ilk+ 2 (n,—n,_y) log I—3 log (n,—n,)!
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Differentiating log L with respect to /

we get
dlogL _ ny—n,
ol ket e
Hence the maximum-likelihood estimate of / is given by
A m—n,
=" " ...(10)

A

l, has surprisingly enough a very simple form, a form that is
usually used by non-statisticians to estimate /, the coefficient of cons-
tant linear increase. The non-statisticians’ estimate turns out to be
the maximum-likelihood estimate if the observations came from a
simple Poisson process and not from, as is usually assumed for the
least squares estimate,

Ne=n,+lt+e, (1)

~ where €, have zero means identical variance o€? and zero time-
carrelation,

It can be verified that on the assumptions of the Simple Poisson
Process model*,

A i
V < ll ):—I—C-'
3. THE LEAST SQUARES ESTIMATE AND ITS EFFICIENCY FOR MODELS I
AND 1I, _
The least squares estimate of / for given #, is given by

k

A b ( n—n, )t .
=1

b=t T ...(12)

z P
t=1

When the observations come from the process specified by (11)
the least squares estimate (12) is the unbiased minimum-variance

A
linear estimate of /. If further €,'s are normally distributed, 1, is also

; A
the maximum-likelihood estimate of /. The variance of /, under the
assumptions (11) that is, for model II, is given by

- (lA ) a€? €6
= k T kik+1 1
2 o e+ )(2k+1)
t=1

* To be referred to as model I. The statistical model specified by equation (11)
will be referred to as model 1I
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A
and that of [, by o€?|k>.
A .
Hence the efficiency of /; under the assumptions (11) is given by

A
V<12) " 6k

4 (,‘ )= ("+1)(2k%1) ... (19)

1

N—% for large k.
-0 as k—>o0.

If, however, the observations come from a simple Poisson
Process (model 1)

d [ (k122K 41
14 ( I, >= Qk+ k1 1)2 L%ﬁ)— —R
36 .
where
k rt
R= 2 3
r=1
k41 T (k4+2)(k+3)Ek+4)
= k 5
_ 6(k+2‘)1(k+3) 47, ’H:;Q —.é]
and
1 A
()= %
Hence

5]
=
N
>
~—
I
~
N\
Tl g
N N’

1

k

R'36 6 ]
[— [ DEE+DE T2k+1

— —65—— as k—o ...(14)

L f:__-.g;ﬁﬂa_;_

I
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when
k=2, v ( A ) 13
Hence as & increases from 2 to o one would expect
/(1)

. A
to increase from £§ to £. Hence for large k, I, bas an efficiency
roundabout £ on the.assumption of a simple Poisson Process where-
A
as on the assumption (11), /; has an efficiency tending to zero as
k—co,

Therefore unless the adequacy of the simple Poisson Process
for the data is established as against that of the model (11), it may

A A
be better to use /, rather than /; particularly for large k.

A A
It should be noted that /, and /, are unbiased for both the
models,

4. OTHER SIMPLE LEAST SQUARES AND GENERALIZED LEAST SQUARES
ESTIMATES OF [, -

Just for the sake of comparison, a few more allied simple
stochastic models for {N;}* and the estimates based on them and the
efficiencies of these and the previous estimates on the assumptions of
the different stochastic models are considered below.

Since N, has variance /, on the assumption of the simple Poisson
process, a comparable simple stochastic modellis

N, .
»\T.: l\/ r +€T ...(15)
given n,=0,

where €,'s may be supposed to have zero means, identical variance
a€” and zero time-correlation.  This statistical model will be referred
to as model III,
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The least-square estimate of / is then an unbjased minimum-
variance linear estimate. It is obtained by minimizing ‘

 (ve—iv )

r=1

and is given by

k k=
zn, 22n,
/;3= =1 r=l ...(16)
S k(k+1)

The variance of this estimate on the basis of model (15) is
given by

4 (?3 ):lc%‘c’—%) (1)

On the basis of the same model, viz., model specified in (15) the
variance of /; and /, are given by

A €2
14 ( I, )=——°k ..(18)
and
A 9o¢?
v (L)- et
Hence
v (i)
——AS— = k2ﬁ—>0 as k—»>oo
V ( L ) .
and
V A
( Iy )_ 2(2k+1)? 8 a9
A\ 9k(k+1 9
% (lz (k+1)

as k—>co.

* 1t should be noted that in sections 3 and 4, the variances of the estimators

A A A
Iy, Iy and I of I for the three models I, I and III have been worked out

A A A
separately and compared with each other.!; I and /3 are the minimum-
variance, unbiased, linear estimators BLUE of ! models I, II, and III,
espectively.
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On the basis of the simple Poisson process

A 2 (2k+1)
qEE -y

and

VUI): Skl 3 :
- (?s) 22k+1) T . (20)

as.k— oo,
On the basis of the model given by (11)

A 4o¢?
v (i )%
and

v (1,

as k—>oo.

Hence if only the three models, namely, the simple Poisson Process,
the model given by (11) and the model given by (15) are considered as

A .
the possible alternatives J, or the least squares estimate appearsto be

A A
preferable either to /; or to /; particularly for large k since it has an

efficiency roundabout 5/6 or more on the basis of any of the three
A

A
models whereas/, has an ‘efficiency roundabout 3/4 or more and /,

has negligible efficiency on the basis of models other than the simple
Poisson process,

A
If in (15) €’s are normally distributed l; is known to be a maxi-
mum-likelihood estimate of /. However, even when ¢’s are not

normally distributed but are distributed in a certain fashion to be

A
described below, /, turns out to be the maximum-likelihood estimate.

If N,'s are distributed in a Poisson distribution with mean 1,
as in the simple Poisson Process with 1,=0 but unlike as in the
simple Poisson Process the N,’s are distributed independently of each
other, it can be shown that the maximum-likelihood estimate of /is

a4
given by /;.
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For the likelihood function of 7y,..., n in this.case is given by

=TT "™
r=1 n,!

Hence log L=—1I5r+4Z2n,(log I+log r)—Zlog n,!

==

Differentiating with respect to [ we get

dlogL zn,
TR
Hence the maximum-likelihood- estimate is given by
zn, A
sr = I,

N

This result raises the interesting question as to the forms of dis-

tribution of € which render the least squares estimates identical with

- the maximum-likelihood estimates. This problem is, however, not
tackled here. '

Since the N,’s in the simple Poisson Process are also cross-
correlated unlike as in the model given by (15) it may be interesting
to work out the generalized least squares estimate when the €,'s in
(11) have the same co-variance matrix as N,'s except that the/ in the
co-variance martix may be replaced by an unrelated quantity o2

The co-variance-matrix of the €,'s, r=1, . .., k is then given by

It can be verified that Q—* is given by

f2 —l1 ]
Q‘lzi | -1 2 -1 O
o -1 2 —1
| '®) '
l 12 1 |
L -1 1]

Hence the generalized least squares “estimate is obtained by
minimizing

S§?=(n,— 1)’ QY(n,—1,) .(22)

~ ~

aar

kY
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w.r.t. / which can be shown to be given by %EAA‘ the maximum-

likelihood estimate on the assumption of the simple Poisson Process.

It should be noted that —’% would be the maximum-likelikood esti-

mate on the assumption of model (11) if €,'s are normally distributed
with the co-variance-martix given by Q.

If o2 is replaced by /in Q then the generalized least squares
estimate can be shown to be given by

:2 2 - .2
A 2 Np(Mp— Pppy) 1y ...(23)

k
It can be verified that

A
E (l2)=P.

A
For large / the E’s are normally distributed and V(/,) can be

shown to be asymptotically equal to ‘Ilc—’ same as ?1

5. THE MoODIFIED SIMPLE POISSON PROCESS

The modified simple Poisson Process considered by the Tintner
et al. is obtained by putting
yi=Ngu.

Hence the c.g.f. of y;,...Y; is given by

K (0: - o 00)=I (o0 —1 ) (el O 1 )
+(e Opt. . . +09u _4 )]

n, and hence y,.-being equal to O,

All the moments can therefore be written down, In particular

E(yr)=ul,
V(iyr)=u,
and Cov(y,, ys)=u®l, r>s,

There are two parameters # and I to be estimated. For the
maximum-likelihood equations, the likelihood given by

L=P(yy, ... yx/[¥,=0)
k -1 (yr '—'yr—l)/u-
_woe |l

N r=1(yr _yr-1>
u !




46 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

has to be maximized w.r:t. / and #. The maximizing equations are
given by ;

QlogL_ . Ve _
R it e (24)
oo ) k - Yr— Ve
and E?_]_(££=__]0gl (Zﬁ)_ > 0 log( u )|=0
au @)l —— L

The first equation gives

=.Vk
k H
which is similar to the estimate of / when u=1.
In the second equation the second term can be expressed as

E(yr Yr-1 )alogm‘

ul

u om

where

dlogle-vvmdv
0logm!

om —

mot——,

m
)
,J. e~vv™ log v dv

—0
0

| je"’v’"d v
|

1 o]

Using the above result the second equation in (24) reduces to

\ Sy — " —p
log ll._.:‘)_k= yruzy 1 d)(y' uyr 1>'

=¢(m), say.

Cancelling 4* in the denominator and putting log /=log lu—logu
and simplifying we get B

logu log Iu Ez,.qS(z,) , ...(25)
T 2z,
where i zr=yL-__yLi

U}
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This equation can be solved by the method of iteration with a
trial value of u to start with,

It is difficult to obtain an explicit expression for the variance of

A A A A
/and u. The covariance matrix of / and u for large k is given by

_pfd*logL\ (3% logL\—1
E( FIS ) E( dlou )
2
_E<32 logL> _E(a lqu)
dlou u®

9% logL
ol

with —FE (

2
and —ﬁE<a logl

22 logL
ou*

The last term in E( ) is difficult to evaluate,

6. SoMmE SIMPLE ESTIMATES OF u.

Simpler but less efficient estimates of u like that of u in ™,
whose variances can be more easily worked out than that of the
maximum-likelihood estimator, can be obtained. Three such simple
estimates are listed below:

A
l: Z(yr_ulr)z

lﬁzfl—%)&_ .(26)

\

A
where ul is the maximum-likelihood -estimator of ul, given by (25).
It can be shown that

B ~ EEEE) / )

=u.
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. . A
The estimate considered by Tintner" is similar to u, and is given
by : '
- A
A ' A
r 2V, —ulr)?
=T (27)
A
Sr.oul

A
A

where l is the least squares estimate given by

k
A
s 2ty
ul—_;c__],
5
=1

)
A

A
Since ul is a maximum likelihood estimate of -ul, u; may be a
A A
more efficient estimate than u," when u," is corrected for its bias. To
correct for the b1as in u1 which does not vanish even for large k, we

first obtain E(ul)

A

E(ul’) ~ E(z(yr_:'dry/zr, -

A
E(ul)
A '
) A
E(ul)=ul
and it can be shown that
A

E(z(y,—u?r)z el
sr A\ srisr

=uéz[?+ o(T)].

A

Sy —ulry®’sr?\ _
E( Sri—Sr25r )_uzl'

" Hence
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Therefore
A S
( AIr)2 Sr ‘-
{2 (y,—ulr)’.
—_r — 7= 1
E{ 2}=”+O(75‘)
(Sri—sre.srjul
A
A
Hence 3y —ulr’sr®

A

A
(srt—sr2.sr)ul
is an unbiased estimate of / for large k.

A
Another estimate similar to u; is given by

k - A
1k Gy
l?= X r=1 r(1—rjk)

2

A
ul
It can be verified that

Blty) = fo(% )

L. A9

(28)

A A
One would expect #, to be a more efficient estimate than u, but this
has to be investigated. A third estimate of ‘the type which is-usually

used when the observations are correlated is

k A
1:3___ E (yr'_yr—l_ ul)2

A
r=1" (k—lyul
It can be verified that
A {1
E(u,)= u-l—O(T)-

Actually

' k A .
t E{ 21 (yr—yr—l—ul)2}=(k_ l)u?‘I.
r=

..(29)

A
One would expect-that at least for small ‘k, u; would have a

A A
smaller variance than either u, or.u,.
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A ,
For working out the variances of # the following formula is
used,

V(num) (num., denom.)E(num.)
V ()= [EdenomP 2%V [Z(denom.)?

V(denom.)[E(num.)]?
+ [E(denom.))* =(30)

1

A

Making use of this formula and noting that for u,
E(num,)=u?!
E(denom.)=ul

utl 41,141'Z
V(num,)= o
usl
and cov(num., denom.)=7

A
V(u,) can be simplified and it reduces to the expression
A 2u? 1
V)= 2 +0 (W> - - (31)
A
Similarly V{(u;) can be worked out and simplified. It reduces to

A 42 1
V(u1)=—51£ 51k+ (k:;/z) ...{32)

Hence for sufficiently large k& at least

A A
Viug) < V(uy)
A A
and hence the estimate u; is more reliable than #, at least for largek,

A
It is theoretically possible to work out the variance of u, and

A A A
compare it with those of 1; and u; but because of the form of u,,

reduction of the expression for the variance is very much more
A A
complicated than in the case of u; and u; and it has not been attemp-

ted here. A capital intensive method (Monte Caulo method) of
working out the variances for different sets of numerical values of
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the parameters involved and of k is possible but firstly it does not
provide a comprehensive answer and secondly at this stage at least
it does not seem to be worth the trouble.-
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